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Abstract—Design of two-channel quadrature mirror filter
(QMF) bank constructed by real infinite impulse response (IIR)
digital all-pass filter is considered. Residue number system offers
parallel processing and digital hardware implementation for
binary operation of addition, subtraction and multiplication.
There is no carry propagation between these operations. Hence,
devices operating in this principle inherit properties of high speed
and low power consumption. However, this properties makes
overflow detection difficult during any operation. This paper
discusses the application of RNS in designing the infinite impulse
response (IIR) filter.

Keywords—Quadrature Mirror Filter (QMF) bank, RNS
scaler, all-pass filter, FFT, Chinese Remainder Theorem (CRT).

I. INTRODUCTION

For many communication and signal processing systems,
quadrature mirror filter banks have been widely used to
achieve the goals of subband coding [1]. Generally, QMF
bank is applied to decompose a signal into two subbands and
decimate the subband signals in the analysis system by an
integer, equal to the number of subbands. Also, two-channel
QMF banks are used for constructing the 𝑀 -channel QMF
banks based on a tree structure.

The application of Residue Number System (RNS) in digital
signal processing has been studied in paper [3]. The carry free
nature and parallelism properties of this number system make
it convenient for digital signal processing where most of the
computations are additions and multiplications.

In comparison to Finite Impulse Response (FIR) filter
design, Infinite Impulse Response (IIR) filters are more rep-
resentative in classical signal processing and are prevalent
in digital signal processing applications. They are generally
smaller in process of implementation but require scaling of
intermediate values during the signal processing.

In this paper, new design and implementation of an RNS-
based two channel IIR quadrature mirror filter, is presented.
The requirements for the filter coefficient word length are
studied. This architecture is compared to the equivalent system
based on two’s complement arithmetic, showing considerable
improvement in performance.

II. QUADRATURE MIRROR FILTER BANK

Basically, the Quadrature Mirror Filter (QMF) is a parallel
combination of a High Pass Filter (HPF) and a Low Pass Filter
(LPF), and it performs the action of frequency subdivision
by splitting the signal spectrum into two spectra. It is a
two channel subband coding filter bank with complementary
frequency responses. It consists of two sections: analysis and
synthesis section. The analysis subband filters have transfer
functions 𝐻0(𝑧) and 𝐻1(𝑧) as shown in equation (2).

A. Digital All-Pass Based QMF Bank

Two-channel QMF bank, with analysis structure shown by
Fig. 1, is considered, where 𝐴1(𝑧

2) and 𝐴2(𝑧
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Figure 1. The analysis system of two-channel QMF bank.

IIR digital all-pass filters. The lowpass 𝐻0(𝑧) and the highpass
𝐻1(𝑧) filters of the analysis section are given by

𝐻0(𝑧) =
1

2
[𝐴1(𝑧

2) +𝐴2(𝑧
2)], (1)

and
𝐻1(𝑧) =

1

2
[𝐴1(𝑧

2)−𝐴2(𝑧
2)], (2)

where 𝐴1(𝑧) and 𝐴2(𝑧) are real stable all-pass filters of
orders 𝑀 and 𝑁 , respectively. This contribution concentrates
on designing lowpass filters. In this case, 𝑀 = 𝑁 − 1 or
𝑀 = 𝑁 + 1 so that the overall degrees (𝑀 + 𝑁 ) of 𝐻0(𝑧)
and 𝐻1(𝑧) are odd. This pair is a power complementary filter
pair since it satisfies following relation:

∣𝐻0(𝑒
𝑗𝜔)∣2 + ∣𝐻1(𝑒

𝑗𝜔)∣2 = 1. (3)

Therefore, a complementary filter pair (e.g., a lowpass/
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highpass) can be implemented with a cost of a single filter.
Moreover, 𝐻0(𝑧) and 𝐻1(𝑧) satisfy the all-pass complemen-
tary and power complementary properties. They are termed
the doubly-complementary (DC) filter pair [4].

B. Approximation

The odd degree lowpass filters, constructed as parallel con-
nection of two allpass filters, can be easily designed directly
in 𝑧 domain without any reference to the continuous-time
prototype network. Required parameters for allpass subfilters
construction, are pole locations of the transfer function. Infor-
mation about the numerator is not needed.

The magnitude-squared transfer function of the 𝑁 -th degree
IIR digital filter can be specified by

∣𝐻0(𝑥)∣2 =
1

1 +𝐾2
𝑁 (𝑥)

, (4)

where 𝐾𝑁 (𝑥) is the characteristic function and 𝑥 is frequency
variable. At the passband edge it is 𝐾𝑁 (1) = 1. The charac-
teristic function has form [6]

𝐾𝑁 (𝑥) = 𝑥𝑀
( 𝑥20 − 𝑥2

1− 𝑥20𝑥
2

)𝐿

(5)

where 𝑁 = 𝑀 + 2𝐿 is the filter degree and 𝑥0 is zero of
transfer function and real number (𝑥0 < 1). If 𝑥 is continuous
time angular frequency i.e. 𝑥 = Ω, then function (4) is the
magnitude characteristic of the continuous-time lowpass trans-
fer function. On the other hand, if 𝑥 = tan(𝜔/2)/tan(𝜔𝑝/2)
where 𝜔 is digital angular frequency and 𝜔𝑝 is 3 dB passband
edge, then function (4) is the magnitude characteristic of
the discrete-time lowpass transfer function. Thus, frequency
variable for the lowpass halfband filter approximation is

𝑥2 = − (𝑧 − 1)2

(𝑧 + 1)2
(6)

with 𝑧 = 𝑒𝑗𝜔 and tan(𝜔𝑝/2) = 1, since 𝜔𝑝 = 𝜋/2 for the
halfband filter.

Last step is calculation of poles and zeros in the 𝑧 plane
of the squared magnitude function (4) using Equation (6),
which gives digital squared-magnitude function with all poles
on the imaginary axis. By adoption poles inside the unit
circle, digital lowpass transfer function, 𝐻0(𝑧), is obtained.
Using complementary decomposition, this transfer function is
separated into two allpass filters.

III. RNS BASED IIR FILTER

The Residue Number System has possibility to provide
high-speed efficient implementation if the structures, used
as a basis for RNS implementation, have only operations
of addition, multiplication and scaling. Since in the residue
number system, addition, subtraction and multiplication are
performed with extended precision, the only errors occur are
those during the scaling process. Such structures will also
exhibit low sensitivity to quantization noise. Therefore, the
direct and canonic forms of recursive filter will be considered.

Let 𝑥𝑖 = ⟨𝑋⟩𝑚𝑖
denote remainder of 𝑋 when divided

by 𝑚𝑖, 𝑖 = 1, 2, 3. For given set of co-prime numbers

ℬ = {𝑚1,𝑚2,𝑚3}, every integer 𝑋 in range 𝑀 =
∏3

𝑖=0𝑚𝑖

have unique representation 𝑋
ℬ−→ (𝑥1, 𝑥2, 𝑥3). The set ℬ is

called the RNS base. This paper investigates an RNS IIR filter
bank for the special moduli set {2𝑛 − 1, 2𝑛, 2𝑛 + 1}.

To represent negative numbers, the dynamic range is divided
into two equal parts, so that any integer inside the range
[−(𝑀−1)/2, (𝑀−1)/2] for 𝑀 odd, or in [−𝑀/2,𝑀/2−1]
for 𝑀 even, can be represented uniquely in RNS. If RNS
representation of number 𝑋 is (𝑥1, 𝑥2, 𝑥3), then the RNS
representation of the complement of 𝑋 is (⟨𝑚1−𝑥1⟩𝑚1

, ⟨𝑚2−
𝑥2⟩𝑚2

, ⟨𝑚3 − 𝑥3⟩𝑚3
).

The reconstruction of 𝑋 from (𝑥1, 𝑥2, 𝑥3) is based on the
Chinese Remainder Theorem (CRT)

𝑋 =
〈 3∑

𝑖=1

𝑀𝑖⟨𝑀−1
𝑖 ⟩𝑚𝑖

〉
𝑀
, (7)

where 𝑀𝑖 = 𝑀/𝑚𝑖 and ⟨𝑀−1
𝑖 ⟩𝑚𝑖

is the multiplicative inverse
of 𝑀𝑖 modulo 𝑚𝑖, such that ⟨𝑀𝑖𝑀

−1
𝑖 ⟩𝑚𝑖

= 1.
All arithmetic operations over two integers in binary number

system, in the residue number system are performed as modulo
arithmetic operations over the residues. Consider two binary
numbers 𝑋 , 𝑌 and their’s corresponding RNS representations
𝑋 = (𝑥1, 𝑥2, 𝑥3) and 𝑌 = (𝑦1, 𝑦2, 𝑦3). If 𝑍 = 𝑋 𝑜𝑝 𝑌 ,
(𝑜𝑝 represents one of the arithmetic operations of addition,
subtraction, or multiplication) then 𝑍 = (𝑧1, 𝑧2, 𝑧3) in RNS,
where 𝑧𝑖 = ⟨𝑥𝑖 𝑜𝑝 𝑦𝑖⟩𝑚𝑖

, for 𝑖 = 1, 2 and 3.

A. Architecture of Filter

The 𝑁 degree RNS coded recursive filter consists of three
parallel channels, operating in each modulus 𝑚𝑖, with one
common scaling array [2].

The below Figure 2 shows RNS based IIR filter implemen-
tation in direct form I [3]. The 𝑋(𝑛) and 𝑌 (𝑛) are the input
and output of this filter. The forward converter, scaler which
includes reverse conversion (based on the special moduli set
and the Chinese Remainder Theorem CRT) and the three IIR
filter channels, are used here to speed up the process.
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Figure 2. RNS implementation of IIR filter based on three moduli set using
FIR sections and RNS scaler.

In order to implement this filter using the RNS arithmetic,
the transfer function coefficients and input signal have to be



coded by converting the system of floating point variables into
integers. It is performed by multiplying them by an appropriate
conversion factor, 𝐾, and rounding the result to the nearest
integer, hence:

𝑦𝑖(𝑖) =
〈 1

𝐾

{ 𝑁∑
𝑗=0

⟨𝐵𝑗⟩𝑚𝑖
⟨𝑥(𝑖− 𝑗)⟩𝑚𝑖

+
𝑁∑
𝑗=1

⟨−𝐴𝑗⟩𝑚𝑖
⟨𝑦(𝑖− 𝑗)⟩𝑚𝑖

}〉
𝑚𝑖

(8)

where 𝐵𝑗 and 𝐴𝑗 are scaled up forward and reverse coef-
ficients, respectively. Implementation of FIR filters does not
require scaling [5], but for the implementation of IIR filters
scaling is necessary.

1) RNS Scaling Technique: The RNS scaling technique is
based on the special moduli set. According to the Chinese
Reminder Theorem (7) it follows

𝑌 =
⌊〈
𝑚3 ⟨𝑀−1

1 ⟩𝑚1
𝑥1 +

𝑚1𝑚3

𝑚2
⟨𝑀−1

2 ⟩𝑚2
𝑥2

+𝑚1 ⟨𝑀−1
3 ⟩𝑚3

𝑥3
〉
𝑚1𝑚3

⌋ (9)

where 𝐾 is chosen to be equal to 𝑚2. The multiplicative
inverses of this moduli set are given in [3]. Since 𝑦𝑖 = ⟨𝑌 ⟩𝑚𝑖

and ⟨⟨𝑋⟩𝑚1𝑚2
⟩𝑚𝑖

= ⟨𝑋⟩𝑚𝑖
then

𝑦𝑖 =
〈〈
𝑚3 ⟨𝑀−1

1 ⟩𝑚1
𝑥1 +

𝑚1𝑚3

𝑚2
⟨𝑀−1

2 ⟩𝑚2
𝑥2

+𝑚1 ⟨𝑀−1
3 ⟩𝑚3

𝑥3
〉
𝑚1𝑚3

〉
𝑚𝑖

.
(10)

By independently computing each of the residue in (10) for
𝑖 = 1, it can be reduced to

𝑦1 =
〈
𝑥2 − 𝑥1

〉
2𝑛+1 (11)

because 22𝑛 − 2𝑛 − 1 ≫ 2−𝑛. Since for 𝑖 = 3 we have
𝑦3 = ⟨𝑌 ⟩𝑚3

and ⟨⟨𝑋⟩𝑚1𝑚3
⟩𝑚3

= ⟨𝑋⟩𝑚3
then

𝑦3 =
〈
𝑥3 − 𝑥2

〉
2𝑛−1

. (12)

The residue decoder based on the CRT is used to compute
scaled output as unsigned binary number [3]

𝑌 = ⟨𝐴+𝐵 + 𝐶⟩22𝑛−1 (13)

where 𝐶 = ⟨(−22𝑛−1+2𝑛−1) 𝑥1⟩22𝑛−1, 𝐵 = ⟨−2𝑛 𝑥2⟩22𝑛−1

and 𝐴 = ⟨(22𝑛−1 + 2𝑛−1) 𝑥3⟩22𝑛−1.
The dynamic range of scaled output is 𝑀𝑠𝑐 = (22𝑛 − 1).

Since system supports signed numbers then dynamic range is
[−𝑀𝑠𝑐/2,𝑀𝑠𝑐/2− 1] for 𝑀𝑠𝑐 odd. Thus

𝑌 =

{
⟨𝐴+𝐵 + 𝐶⟩22𝑛−1 for 𝑌 < 𝑀𝑠𝑐/2

−𝑀𝑠𝑐 + ⟨𝐴+𝐵 + 𝐶⟩22𝑛−1 for 𝑌 ≥ 𝑀𝑠𝑐/2
(14)

where 𝑌 is an integer within the range 0 ≤ 𝑌 < 𝑀𝑠𝑐. Finally,
generator modulo 2𝑛 is used to compute binary number 𝑦2,
i.e. to compute 𝑦2 = ⟨𝑌 ⟩2𝑛 .

The resultant residue digits, 𝑌 = (𝑦1, 𝑦2, 𝑦3), of the scaled
output 𝑌 (𝑛), for all modulo channels are identical to the scaled
integer output with a scaling error that is less than one.

IV. DESIGN EXAMPLES

Design parameters are: filter degree 𝑁 = 11, RNS base ℬ =
{1023, 1024, 1025} and the scaling factor 𝐾 = 210. Consider
the eleventh order of the proposed lowpass IIR filter

𝐻0(𝑧) =
0.0302(𝑧−1 + 1)(𝑧−2 + 0.6425 𝑧−1 + 1)5

1 + 2.657 𝑧−2 + 2.632 𝑧−4 + 1.189 𝑧−6

+0.2363 𝑧−8 + 0.01563 𝑧−10

. (15)

Then 𝐻0(𝑧) and 𝐻1(𝑧) can be expressed as given in equa-
tion (2), where 𝐴1(𝑧) and 𝐴2(𝑧) are allpass functions with
stable real integer coefficients

𝐴1(𝑧) =
61 + 692𝑧−2 + 1617𝑧−4 + 1024𝑧−6

1024 + 1617𝑧−2 + 692𝑧−4 + 61𝑧−6
,

𝐴2(𝑧) = 𝑧−1 259 + 1103𝑧−2 + 1024𝑧−4

1024 + 1103𝑧−2 + 259𝑧−4
.

These allpass functions can be expressed in the following RNS
forms:

𝐴11(𝑧) =
61 + 692𝑧−2 + 594𝑧−4 + 𝑧−6

1 + 594𝑧−2 + 692𝑧−4 + 61𝑧−6
, (16)

𝐴12(𝑧) =
61 + 692𝑧−2 + 593𝑧−4

593𝑧−2 + 692𝑧−4 + 61𝑧−6
, (17)

𝐴13(𝑧) =
61 + 692𝑧−2 + 592𝑧−4 + 1024𝑧−6

1024 + 592𝑧−2 + 692𝑧−4 + 61𝑧−6
, (18)

and

𝐴21(𝑧) =
259𝑧−1 + 80𝑧−3 + 𝑧−5

1 + 80𝑧−2 + 259𝑧−4
, (19)

𝐴22(𝑧) =
259 + 79𝑧−2

79𝑧−1 + 259𝑧−3
, (20)

𝐴23(𝑧) =
259𝑧−1 + 78𝑧−3 + 1024𝑧−5

1024 + 78𝑧−2 + 259𝑧−4
. (21)

Figure 3 shows the impulse responses of two allpass filters
and the lowpass filter. Impulse response of the lowpass filter
is the sum of impulse responses of two allpass filters.
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Figure 3. Impulse responses for the allpass filters and the lowpass filter.



It is known that IIR digital filters belong to the class of
linear time invariant systems, characterized by the properties of
causality, stability and recursivity. They can be characterized
in the time domain by their unit-impulse response and in the
frequency domain by their transfer function.The FFT can be
used to perform a Fourier transform of the impulse response
and to compute the frequency response of the filter. The
impulse response and the frequency response create the Fourier
transform pair ℎ(𝑡) ↔ 𝐻(𝑓), where ℎ(𝑡) is the impulse
response and 𝐻(𝑓) is the frequency response.

In Figs. 3 and 4 are shown the impulse and the frequency
response. The number of sample points used for FFT eval-
uation is equal to 𝑁𝑓𝑓𝑡 = 500. Amplitude characteristic
is modulus of FFT. For standard implementation, filter co-
efficients are rounded to 10 bits, but arithmetic operations
are rounded to 16 bits. Base for RNS implementation is
ℬ = {1023, 1024, 1025}.

Relation that connects the frequency resolution and the total
acquisition time, is relation between the sampling frequency
and the block size of the FFT, and is given by the following
formula Δ𝑓 = 1/𝑇 = 𝐹𝑠/𝑁𝑓𝑓𝑡, where Δ𝑓 is the frequency
resolution, 𝑇 is the acquisition time, 𝐹𝑠 is the sampling
frequency, and 𝑁𝑓𝑓𝑡 is the block size of the FFT.
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Figure 4. Magnitude responses of the 11th degree lowpass filter calculated
as FFT of its lowpass impulse response shown in Figure 3.

Magnitude responses corresponding to the ideal impulse
response in two’s complement fixed point arithmetic, are also
presented in Figure 4 for comparison. It can be shown that in
two’s complement arithmetic, choice of 10-bits precision for
coefficients and 19-bits precision for arithmetic operations, has
not satisfied frequency requirements. Only choice of more than
12-bits for coefficient precision and kipping 19-bits, meets the
frequency requirements.

Important properties of the final implementation of the
signal processor are speed, power and small size. There are
mainly three parameters in digital filters that affect those
properties: filter degree, filter coefficient length and data word
length.

Data word length is 19 bits including the sign bit, and it is
transformed by RNS representation into three 10-bits residue
digits. All arithmetic operations performed in modulo 𝑚𝑖 are
accurate without rounding errors. Thus, in case of truncation
scaling, errors that occur during the scaling process can be at
most unity.

In two’s complement fixed arithmetic, multiplication of two
numbers that are 12-bits (filter coefficient) and 19-bits (data
word) length, yields to 31-bits result which should be truncated
to 19 bits. This error is much greater in comparison to RNS
arithmetic.

V. CONCLUSIONS

The arithmetic operations of addition, subtraction, and mul-
tiplication can be speeded up due to the parallel processing
properties of the residue number system. However, some
difficult operations also need further investigation in order
to reduce the complexity. The operation of scaling is typical
operation difficult to be performed. In this paper, presented
algorithm for the 2𝑛 scaling is based on Chinese remainder
theorem (CRT).

Furthermore, simulation of the two channel IIR quadrature
mirror filter bank, based on residue arithmetic, is presented.
The RNS implementation is more efficient, regarding the
arithmetic operation performing and rounding error, than its
corresponding conventional implementation.

In comparison with standard realization, RNS realization
has following advantages:

∙ Arithmetic operations are with unsigned integer numbers.
∙ Arithmetic operations are without rounding errors, except

the scaling error that is less than one.
∙ Data word length is much smaller.
Further research should be related to the implementation of

the scaling operation by an arbitrary scaling factor, and the
RNS scaler for a four moduli set.
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